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MAXIMAL QUANTUM MECHANICAL SYMMETRY:
PROJECTIVE REPRESENTATIONS OF THE INHOMOGENOUS
SYMPLECTIC GROUP
STEPHEN G. LOW
Abstract. A symmetry in quantum mechanics is described by the projective
representations of a Lie symmetry group that transforms between physical
quantum states such that the square of the modulus of the states is invariant.
The Heisenberg commutation relations, that are fundamental to quantum me-
chanics, must be valid in all of these physical states. This paper shows that the
maximal quantum symmetry group, whose projective representations preserve
the Heisenberg commutation relations in this manner, is the inhomogeneous
symplectic group. The projective representations are equivalent to the uni-
tary representations of the central extension of the inhomogeneous symplectic
group. This centrally extended group is the semidirect product of the cover of
the symplectic group and the Weyl-Heisenberg group. Its unitary irreducible
representations are computed explicitly using the Mackey representation the-
orems for semidirect product groups.
1. Introduction
The Heisenberg commutation relations are” pPi, pQjı “ i~δi,j1, (1)
where i, j, ... “ 1, ..., n. The hermitian operators pPi and pQj represent quantum me-
chanical momentum and position observables acting on states |ψy that are elements
of a Hilbert space H for which 1 is the unit operator. (We will use natural units in
which ~ “ 1 throughout the paper.) These relations are fundamental to quantum
mechanics in its original formulation.
Weyl [1] established that these relations are the Hermitian representation of the
algebra of a Lie group Hpnq that we now call the Weyl-Heisenberg group. The
Weyl-Heisenberg Lie group is a semidirect product [2] of two abelian groups1
Hpnq » Apnq bs Apn` 1q, (2)
whereApmq is the abelian Lie group isomorphic to the reals under addition, Apmq »
pRm,`q. Therefore, it has an underlying manifold diffeomorphic to R2n`1 and is
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1 in Appendix A). Also, A » B is the notation for a group isomorphism.
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2 STEPHEN G. LOW
simply connected. In a global coordinate system p, q P Rn, ι P R, the group product
and inverse of the Weyl-Heisenberg group may be written
Υpp1, q1, ι1qΥpp, q, ιq “ Υpp1 ` p, q1 ` q, ι` ι1 ` 1
2
`
p1 ¨ q ´ q1 ¨ p˘q, (3)
Υpp, q, ιq´1 “ Υp´p,´q,´ιq. (4)
The identity element is e “ Υp0, 0, 0q. Its Lie algebra is given by
rPi, Qis “ δi,jI, rPi, Is “ 0, rQi, Is “ 0. (5)
The faithful unitary irreducible representations ξ of the Weyl-Heisenberg group
may be written as
ψ1pxq “ pξpΥpp, q, ιqqψq pxq “ eiλpι`x¨p´ 12p¨qqψpx´ qq (6)
where p, q, x P Rn, ι P R. λ P Rzt0u label the irreducible representations and
ψpxq “ xx|ψy P Hξ » L2pRn,Cq. We label the Hilbert space with the unitary
representation ξ as this Hilbert space, on which the unitary representation ξ acts,
is determined by the unitary irreducible representation and is not given a priori.
The Stone-von Neumann theorem [3], [4] establishes that (6) defines the com-
plete set of faithful irreducible representations of the Weyl-Heisenberg group. This
theorem is not constructive; it does not give a prescription to obtain these repre-
sentations but only establishes that they are a complete set of faithful irreducible
representations. However, as the Weyl-Heisenberg group has the form of the semidi-
rect product given in (2), the unitary irreducible representations (6) can also be
directly calculated using the Mackey theorems as these theorems are constructive.
This is reviewed in Section 3.1.
The position and momentum operators in (1) are given by the faithful2 hermitian
representation ξ1 of the Weyl-Heisenberg algebra. (The prime designates the lift of
the unitary representation ξ of the group to the algebra, ξ1 “ Teξ.)pPi “ ξ1pPiq, pPi “ ξ1pPiq, pI “ ξ1pIq. (7)
These operators also act on the Hilbert space Hξ » L2pRn,Cq. As the repre-
sentation is a homomorphism, its lift preserves the Lie bracket,
υ1prPi, Qisq “
“
υ1pPiq, υ1pQiq
‰˘ “ i δi,jυ1pIq “ i λδi,j1. (8)
The i appears simply because we are using hermitian rather than anti-hermitian
operators3. Schur’s lemma states that the representation of the central generators
are a multiple of the identity for irreducible representations and so pI “ λ1 where
λ P Rzt0u. With λ “ 1, these are the Heisenberg commutation relations given in
(1).
2There are also degenerate representations corresponding to the homomorphism pi : Hpnq Ñ
Ap2nq for which λ “ 0 (See Appendix A, Theorem 4). These representations of the abelian group
are not discussed further here.
3In some neighborhood, the group element g is given in terms of an element X of the algebra
by g “ eX . Then for a unitary representation υ of the group, the representation υ1of the algebra
is Hermitian (rather than non-Hermitian only if we insert an i, υpgq “ eiυ1pXq. This follows as
υpgq´1 “ υpgq: implies ´iυ1pXq “ piυ1pXqq: and hence υ1pXq “ υ1pXq:.
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1.1. Symmetry of Physical States. A basic assumption of quantum mechanics
is that the Heisenberg commutation relations (1) are valid when acting on any
physical state. Physically observable probabilities are given by the square of the
modulus of the states. Therefore, physical states in quantum mechanics are rays Ψ
that are equivalence classes of states |ψy in the Hilbert space that are equal up to
a phase [5], [6],
Ψ “ r|ψys ,
ˇˇˇ rψE » |ψy ˇˇˇ rψE “ eiθ |ψy . (9)
The square of the modulus is the same for any representative state in the ray,
P pαÑ βq “ | pΨβ ,Ψαq |2 “ |
Arψβ | rψαE |2 “ | xψβ |ψαy |2. (10)
Symmetry transformations between physical states (i.e. rays Ψ) are given by
operators U that leave invariant the square of modulus,
| pUΨβ , UΨαq |2 “ | pΨβ ,Ψαq |2. (11)
These transformations U are the representation of a group in the space UpHq of
linear or anti-linear operators on H
% : G Ñ UpHq : g ÞÑ U “ %pgq. (12)
This operator also acts on any representative in the equivalence class of states that
defines the ray,
Ψ1 “ UΨ, ˇˇψ1D “ U |ψy . (13)
Theorem 2 in Appendix A states that any representation of a Lie group [7], [8]
that leaves invariant the square of the modulus is always equivalent to a linear
unitary or anti-linear, anti-unitary operator mapping the Hilbert space H into
itself. Furthermore, if the Lie group is connected4, it is always equivalent to a
linear unitary operator.
The representations % are referred to as projective representations. If G is a
connected Lie group, the fundamental Theorem 3 states that these projective rep-
resentations are equivalent to the ordinary unitary representations υ of the central
extension qG of G.
We seek the maximal group with projective representations that preserve the
Heisenberg commutation relations. As the Heisenberg commutation relations are
a faithful unitary representation of the Lie algebra of the Weyl-Heisenberg group,
the group we seek must be a subgroup of the automorphism group of the Weyl-
Heisenberg algebra. As the Weyl-Heisenberg group is simply connected, the auto-
morphism group of the algebra is equivalent to the automorphism group AutHpnq
of the Weyl-Heisenberg group itself.
Under the action of elements g P AutHpnq, the elements of the algebra transform
to a new basis
P 1i “ gPig´1, Q1i “ gQig´1, I 1 “ gIg´1. (14)
such that the form of the Lie algebra is preserved,“
P 1i, Q1i
‰ “ δi,jI 1. (15)
4In this paper, a connected group is abbreviation for a group for which every element is
connected by a continuous path to the identity element.
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The element I 1 is central and as I spans the center of the algebra, we must have
I 1 “ dI with d P Rzt0u. Furthermore, the elements of the automorphism group
that preserves the center of the algebra,
I 1 “ gIg´1 “ I, (16)
defines a subgroup.
The group inner automorphisms of a group is isomorphic to the group itself.
The full group of automorphisms always contains the group of inner automorphisms
as a normal subgroup. For the case of the Weyl-Heisenberg group, this means
that the Weyl-Heisenberg group is a normal subgroup of its automorphism group,
Hpnq Ă AutHpnq.
The projective representations of AutHpnq are equivalent to the unitary repre-
sentations υ of its central extension }AutHpnq acting on a Hilbert space Hυ. If
we restrict υ to the normal subgroup Hpnq of inner automorphisms, these are the
unitary representations of the Weyl-Heisenberg group, υ|Hpnq “ ξ. Therefore, the
Hilbert space Hξ is an invariant subspace of Hυ. The generators of the Weyl-
Heisenberg group transform under the action of elements U “ υpgq, g P AutHpnq as
pP 1i “ υ1pP 1iq “ υ1pgPig´1q “ υpgqξ1pPiqυpgq´1 “ U pPiU´1,pQ1i “ υ1pQ1iq “ υ1pgQig´1q “ υpgqξ1pQiqυpgq´1 “ U pQiU´1,pI 1 “ υ1pI 1q “ υ1pgIg´1q “ υpgqξ1pIqυpgq´1 “ U pIU´1, (17)
For the faithful representation υ, the commutation relations for the transformed
generators are, using (15),” pP 1i , pQ1iı “ i δi,j pI 1 “ iλ1δi,j1 (18)
where pI 1 “ dpI and so λ1 “ dλ. Now, as we have noted, the λ label the faith-
ful irreducible representations of the Weyl-Heisenberg group. Furthermore, the
physical cases corresponds to the choice λ “ 1. This must also be true for the
transformed operators and therefore λ1 “ 1 and so pI 1 “ pI with d “ 1. That is,
the projective representation of the symmetry group of the Heisenberg commuta-
tion relations leaves the representation of the center of the Weyl-Heisenberg group
invariant. As the representation is faithful, the symmetry group also must leave
the central generator of the Weyl-Heisenberg algebra invariant, I 1 “ I.
Therefore, the maximal group of symmetries of the Heisenberg commutation
relations are the projective representation of the subgroup of the automorphism
group of the Weyl-Heisenberg group that leaves the central generator I invariant.
The problem that this paper addresses is to determine the explicitly this symme-
try group and its projective representations. We will show that the automorphism
group of the Weyl-Heisenberg group is [2]
AutHpnq » D bs HSpp2nq, (19)
where
HSpp2nq » Spp2nq bs Hpnq, D » pRz t0u ,ˆq , (20)
where D is the reals excluding t0u viewed as a group under multiplication, D »
pRzt0u,ˆq. We will show that the subgroup of the automorphism group that leaves
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the central generator I invariant is
HSpp2nq. (21)
The group HSpp2nq is connected and is the central extension of the Inhomogeneous
group, HSpp2nq » I|Spp2nq that is defined by the short exact sequence
eÑ ZbAp1q Ñ HSpp2nq Ñ ISpp2nq Ñ e. (22)
Z is the center of Spp2nq and Ap1q is the center of Hpnq. ISpp2nq is the inhomo-
geneous symplectic group familiar from classical Hamiltonian mechanics,
ISpp2nq ” Spp2nq bs Ap2nq. (23)
To establish the above results we start by reviewing the Weyl-Heisenberg group.
We then derive its automorphism group and the subgroup that leaves the center of
the Weyl-Heisenberg group invariant. This is the maximal symmetry group. The
projective representations of this symmetry group are equivalent to the unitary
representations of its central extension. We use the Mackey theorems to compute
the unitary irreducible representations of the symmetry group from first principles.
(As the symmetry group contains the Weyl-Heisenberg group as normal subgroup,
this first requires the computation of the faithful unitary irreducible representations
of the Weyl-Heisenberg group itself using the Mackey theorems.) We will enumerate
and comment on the degenerate cases.
2. The symmetry group
In this section, we review basic properties of the Weyl-Heisenberg group and
determine its automorphism group. We then determine the subgroup leaving the
center of the Weyl-Heisenberg group invariant and study certain of its properties.
2.1. The Weyl-Heisenberg group. The Weyl-Heisenberg Lie group is defined to
be the semi-direct product of two abelian groups of the form given in (2). We first
verify that these group product (3) and inverse (4) relations result in the semidirect
product of this form. First, the group product and inverse (3-4) enable us to identify
the abelian subgroups
Υp0, q, ιq P Apn` 1q,Υpp, 0, 0q P Apnq. (24)
where again p, q P Rn and ι P R. These subgroups satisfy the group product and
inverse relations
Υp0, q1, ι1qΥp0, q, ιq “ Υp0, q1 ` q, ι` ι1q, Υp0, q, ιq´1 “ Υp0,´q,´ιq (25)
Υpp1, 0, 0qΥpp, 0, 0q “ Υpp1 ` p, 0, 0q,Υpp, 0, 0q´1 “ Υp´p, 0, 0q. (26)
Additional abelian subgroups are likewise given by
Υpp, 0, ιq P Apn` 1q, Υp0, q, 0q P Apn` 1q (27)
We calculate the inner automorphisms of the group using (3-4) to be5
ςΥpp1,q1,ι1qΥpp, q, ιq “ Υpp1, q1, ι1qΥpp, q, ιqΥpp1, q1, ι1q´1
“ Υpp, q, ι` p1q ´ q1 ¨ pq. (28)
5We always use ς to define the similarity map ςgh ” ghg´1 in what follows.
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In particular, note that for each of the choices of the subgroups
ςΥpp1,q1,ι1qΥp0, q, ιq “ Υp0, q, ι` p1qq, (29)
ςΥpp1,q1,ι1qΥpp, 0, ιq “ Υpp, 0, ι´ q1 ¨ pq. (30)
This means that both of the Apn ` 1q subgroups given in (24), (27) are normal
subgroups. Another special case of (3) is
ςΥp0,0,ι1qΥpp, q, ιq “ Υpp, q, ιq. (31)
and therefore the elements Υp0, 0, ι1q commute with all elements of the group. Fur-
thermore, these are the only elements that commute with all other elements of the
group. Therefore the Ap1q group that is defined by the elements Υp0, 0, ιq is the
center of the group, Z » Ap1q.
The final step to verify that the group relations defined by (3-4) results in the
Weyl-Heisenberg group having the structure of a semidirect product given in (2).
We have already established that there are two choices for the Apnq subgroup and
Apn` 1q normal subgroup. It is clear in both cases that
Apnq XApn` 1q “ e, (32)
as the identity Υp0, 0, 0q is the only element in both groups for both cases. It
remains to show that Apn ` 1qApnq » Hpnq. Using the group product (3), for
each of the cases (24), (27), this is
Υp0, q, ιqΥpp, 0, 0q “ Υpp, q, ι´ 1
2
q ¨ pq, (33)
Υpp, 0, ιqΥp0, q, 0q “ Υpp, q, ι` 1
2
p ¨ qq. (34)
The map
ϕ˘ : Hpnq Ñ Hpnq : Υpp, q, ιq ÞÑ Υ˘pp, q, ι˘q “ Υpp, q, ι¯ 1
2
p ¨ qq (35)
is a homomorphism that is onto and the kernel is trivial. Therefore, the map
ϕ˘ is an isomorphism and the Weyl-Heisenberg group has the semidirect product
structure given in (2) for either of the choices of abelian subgroup given by (24),
(27).
The Weyl-Heisenberg Lie group is a matrix group and may be realized by the
2n` 2 dimensional square matrices
Υpp, q, ιq “
¨˚
˚˝ 1n 0 0 p0 1n 1 q
qt ´pt 1 2ι
0 0 0 1
‹˛‹‚. (36)
1m denotes the unit matrix in m dimensions and the t superscript denotes the
transpose. The group multiplication and inverse (3-4) are realized by matrix mul-
tiplication and inverse.
The Lie algebra of the Weyl-Heisenberg group may be computed from this matrix
realization. The coordinates are nonsingular at the origin and therefore, choosing
the unpolarized form, the generators are given by
Qi “ BBpiΥpp, q, ιq|e, Pi “
B
BqiΥpp, q, ιq|e, I “
B
BιΥpp, q, ιq|e. (37)
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A general element of the algebra is then
W “ piQi ` qiPi ` ιI. (38)
The nonzero commutation relations are, as expected,
rPi, Qis “ δi,jI (39)
where I is a central generator.
It is convenient to also introduce the notation that combines the p, q P Rn into
a single 2n tuple z “ pp, qq, z P R2n. Then the group product and inverse are
Υpz1, ι1qΥpz, ιq “ Υpz1 ` z, ι` ι´ 1
2
z1tζzq, Υpz, ιq´1 “ Υp´z,´ιq (40)
and the unpolarized matrix realization is
Υpz, ιq “
¨˝
´
12n 0 z
ztζ 1 2ι
0 0 1
‚˛, ζ “ ˆ 0 1n´1n 0
˙
. (41)
The Lie algebra has general element
W pz, ιq “ zαZα ` ιI, (42)
α, β, ... “ 1, ...2n where the matrix form of the algebra is
W pz, ιq “
¨˝
´
0 0 z
ztζ 0 2ι
0 0 0
‚˛, (43)
The generators satisfy the nonzero commutation relations
rZα, Zβs “ ζα,βI. (44)
2.2. The automorphism group of the Weyl-Heisenberg group. The auto-
morphism group of a group G is the maximal group for which G is a normal sub-
group. We have established in the previous section that the Weyl-Heisenberg group
is a simply connected matrix group and this enables us to prove the following the-
orem.
Theorem 1. The automorphism group of the Weyl-Heisenberg group Hpnq is
AutHpnq » D bs Spp2nq bs Hpnq. (45)
Hpnq is the Weyl-Heisenberg group, Spp2nq is the cover of the real symplectic group
that leaves invariant a real skew symmetric form and D is the reals excluding zero
viewed as a group under multiplication D » pRzt0u,ˆq.
As the Weyl-Heisenberg group is simply connected, Theorem 7 states that the
automorphism group of its algebra and group are equivalent. We can therefore
establish the result by determining the maximal group for which its elements Ω
satisfy
ςΩW “ ΩWΩ´1 “W 1. (46)
W,W 1 are general elements of the algebra of the Weyl-Heisenberg group (42). The
most general transformation between a primed and unprimed basis is
Z 1α “ aβαZβ ` xαI, I 1 “ cαZα ` dI. (47)
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The commutator [Z 1α, I 1s “ 0 requires cα “ 0 so that I 1 “ dI with d P Rzt0u.
Next,
ζα,βI
1 “ rZ 1α, Z 1βs “
”
aκαZκ ` xα, aκβZκ ` xβ
ı
“ 1daδαaγβζδ,γI 1.
(48)
This has the solution aβα “ δΣβα and d “ δ2. Therefore, for W pz, ιq “ zκZκ ` ιI
we have
W pz1, ι1q “ ςΩW pz, ιq “ z1κZκ ` ι1I (49)
with[2]
z1 “ δΣz, ι1 “ ιδ2 ` z ¨ x. (50)
To determine the group with elements Ω that satisfies (46, 50), we can use
the matrix realization of the algebra given in (43). As Ω is nonsingular, (46) is
equivalent to
ΩW pz, ιq “W pz1, ι1qΩ. (51)
where Ω is a 2n ` 2 dimensional square matrix. We can write Ω in terms of the
submatrices
Ω “
¨˝
a c z
f d j
g h 
‚˛ (52)
where j, d, r, h, e P R, c, w, f, g P R2n and a is a 2n dimensional square submatrices
and then solve (51) to obtain
Ωpδ,Σ, z, ιq “
¨˝
δΣ 0 z
´δztζΣ δ2 2ι
0 0 1
‚˛ (53)
where z P R2n, δ P D ” Rzt0u, ι P R and ΣtζΣ “ ζ and so Σ P Spp2nq.
Direct matrix multiplication shows that the elements Ωpδ,Σ, w, rq define a group
that we call autHpnq with product and inverse
Ωpδ2,Σ2, z2, ι2q “ Ωpδ1,Σ1, z1, ι1qΩpδ,Σ, z, ιq
“ Ωpδ1δ,Σ1Σ, z1 ` δ1Σ1z, ι1 ` δ12ι´ 12δ1z1tζΣ1zq,
(54)
Ωpδ,Σ, z, ιq´1 “ Ωpδ´1,Σ´1,´δ´1Σ´1z,´δ´2ιq, (55)
where the identity element is e “ t1, 12n, 0, 0u. From these relations, we can ex-
plicitly compute that automorphisms of the algebra given in (46)
W pz1, ι1q “ ςΩpδ,Σ,z2,ι2qW pz, ιq (56)
where
z1 “ δΣz, ι1 “ ιδ2 ´ δz2tζΣ ¨ z. (57)
Comparing with the general expression given in (50), they are equivalent where we
identify x “ δz2tζΣ. As det Σ ‰ 0andδ ‰ 0, there is a bijection between values of
x and z2.
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Using these relations, the next step is to show that the group autHpnq has the
form of a semidirect product6
autHpnq » pD b Spp2nqq bs Hpnq. (58)
First, using the group product and inverse (54-55), we can establish that D,
Spp2nq and Hpnq are subgroups of autHpnq with elements
Ωpδ, 12n, 0, 0q P D,
Ωp1,Σ, 0, 0q » Σ P Spp2nq
Ωp1, 12n, z, ιq “ Υpz, ιq P Hpnq
(59)
The direct product Db Spp2nq is immediately established from the special case
of the group multiplication (54)
Ωpδ,Σ, 0, 0q “ Ωpδ, 12n, 0, 0qΩp1,Σ, 0, 0q
“ Ωp1,Σ, 0, 0qΩpδ, 12n, 0, 0q, (60)
The semidirect product in (58) is established by first noting that
pD b Spp2nqq XHpnq » tΩpδ,Σ, 0, 0qu X tΩp1, 12n, z, ιqu » e, (61)
Then, using the group product (54),
Ωp1, 12n, z, ιqΩpδ,Σ, 0, 0q “ Ωpδ,Σ, z, ιq. (62)
Direct computation using (54-55) shows that the Weyl-Heisenberg subgroup Hpnq
is a normal subgroup with the automorphisms given by
ςΩpδ1,Σ1,z1,ι1qΥpz, ιq “ Υpδ1Σ1z, δ12ι´ δ1z1tζΣ1zq. (63)
This establishes that autHpnq has the semidirect product form given in (58). The
right associative property of the semidirect product allows this to be written as
autHpnq » pD b Spp2nqq bs Hpnq
» D bs HSpp2nq (64)
where HSpp2nq is a semidirect product of the form
HSpp2nq » Spp2nq bs Hpnq (65)
This the local characterization of the automorphism group. It remains to con-
sider any global topological properties that could result in a larger group that
behaves the same locally.
The group D may be written as the direct product D » Z2 b D` where D` »
pR`,ˆq is the positive reals considered as a group under multiplication. Z2 is the
discrete group with two elements t˘1u. D` is simply connected but D has two
components, D{D` » Z2. Therefore, the connected component of the group is
autcHpnq » D` bs Spp2nq bs Hpnq. (66)
Hpnq and D` are simply connected and Spp2nq is connected with fundamental
group Z. Its simply connected universal cover is denoted Spp2nq with
pi : Spp2nq Ñ Spp2nq : Σ Ñ Σ “ pipΣq, kerpi » Z. (67)
Therefore, by the universal covering theorem,
AutcHpnq » autcHpnq » D` bs Spp2nq bs Hpnq, (68)
6The definition of a semidirect product is reviewed in Definition 1 in Appendix A.
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is well defined and unique with the following group product and inverse
Ωpδ2,Σ2, z2, ι2q “ Ωpδ1,Σ1, z1, ι1qΩpδ,Σ, z, ιq
“ Ωpδ1δ,Σ1Σ, z1 ` δ1Σ1z, ι1 ` δ12ι´ 12δ1z1tζΣ1zq,
(69)
Ωpδ,Σ, z, ιq´1 “ Ωpδ´1,Σ´1,´δ´1Σ´1z,´δ´2ιq. (70)
where z P R2n, δ P D`, ι P R and Σ P Spp2nq. Note that in these expressions
Σ “ pipΣq. The expression for automorphisms of the Weyl-Heisenberg subgroup
remains the same as given in (63).
The cover of a disconnected group may be defined to be the central extension of
the group with a discrete central group. The problem is, that in general, this does
not give a unique cover and so this must be checked on a case by case basis. This
is discussed in Appendix C where we show that
AutHpnq » autHpnq » D bs Spp2nq bs Hpnq (71)
is unique and well defined. It has the group product and inverse given in (69-70)
where now δ P D. Again, the automorphisms of the Weyl-Heisenberg subgroup
remains the same as given in (63).
The group AutHpnq is the largest group that the topological properties admit
that is homomorphic to autHpnq and therefore we completed the proof of Theorem
1.
2.3. Subgroup of automorphism group with invariant center. The action
of the automorphism group on the algebra is given in (57). Invariance of the
central element requires δ “ 1 which is the unit element for D`. Thus the maximal
symmetry group that leaves the center of the Weyl-Heisenberg algebra invariant is
HSpp2nq.
As given in (22), the central extension of HSpp2nq is equivalent to the central
extension of the inhomogeneous symplectic group familiar from classical mechanics.
H|Spp2nq » HSpp2nq » I|Spp2nq (72)
This is a very remarkable fact. The central extension of the Ap2nq is generally
np2n ´ 1q dimensional. However, because it is a subgroup of I|Spp2nq, the Lie
algebra relations with the symplectic group constrain the central extension of the
abelian normal subgroup to be precisely the one dimensional extension that is the
Weyl-Heisenberg group.
The group product and inverse are given by (69-70) with δ “ 1.
2.3.1. Symplectic group factorization. The defining condition for the real symplectic
group Spp2nq is
ΣtζΣ “ ζ (73)
where ζ is the symplectic matrix defined in (41). Matrix realizations of elements of
the real symplectic group may be written as
Σ “
ˆ
Σ1 Σ2
Σ3 Σ4
˙
(74)
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where Σa , a “ 1, .., 4 are n ˆ n submatrices. The symplectic condition (73)
immediately results in the relations
Σt1Σ4 ´ Σt3Σ2 “ 1n,
Σt1Σ3 “ pΣt1Σ3qt,
Σt2Σ4 “ pΣt2Σ4qt.
(75)
A matrix realization of a Lie group is a coordinate system. As DetpΣq “ 1, it
follows that the determinate of at least one of the Σa, a “ 1, ..., 4, must be nonzero.
These correspond to different coordinate patches for the manifold underlying the
symplectic group. Assume DetpΣ1q ‰ 0. Then [9],
Σpα, β, γq “
ˆ
1n 0
γ 1n
˙ˆ
α´1 0
0 αt
˙ˆ
1n β
0 1n
˙
, (76)
where we define
α “ pΣ1q´1, β “ pΣ1q´1Σ2, γ “ Σ3pΣ1q´1. (77)
It follows from (75) that β “ βt and γ “ γt. The matrix realizations of elements
of the symplectic group factor as
Σpα, β, γq “ Σ´pγqΣ˝pαqΣ`pβq (78)
where
Σ˝pαq ” Σpα, 1n, 1nq P Upnq,
Σ`pβq ” Σp1n, β, 1nq P Apmq,
Σ´pγq ” Σp1n, 1n, γq P Apmq.
(79)
and m “ npn´1q2 . Furthermore, note that
ζΣ´pγqζ´1 “ Σ`p´γq. (80)
A similar argument applies if we instead assume DetpΣ4q ‰ 0. Both of these
coordinate patches contain the identity, 12n but neither contains the element ζ.
These require us to consider the case with either Σ2 or Σ3 to be assumed to be
nonsingular. In this case, define
rΣ “ Σζ´1 “ ˆ Σ2 ´Σ1
Σ4 ´Σ3
˙
. (81)
The rΣ also satisfy the symplectic condition as
ζ “ ΣtζΣ “ ζtrΣtζrΣζ ñ rΣtζrΣ “ ζ. (82)
This symplectic condition results in the identities
Σt4Σ1 ´ Σt2Σ3 “ 1n,
Σt2
rΣ4 “ pΣt2Σ4qt,
Σt1Σ3 “ pΣt1Σ3qt.
(83)
We can now assume DetpΣ2q ‰ 0 and the analysis proceeds as before with
α “ pΣ2q´1, β “ ´pΣ2q´1Σ1, γ “ Σ4pΣ2q´1, (84)
In this case the factorization must include the symplectic matrix from (82)
Σpα, β, γq “ Σ´pγqΣ˝pαqΣ`pβqζ. (85)
Finally a similar argument applies for the coordinate patch DetpΣ3q ‰ 0. Both of
these coordinate patches contain the element ζ but do not contain the identity
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The expressions (78) and (85) can be combined into a single expression
Σpα, β, γq “ Σ´pγqΣ˝pαqΣ`pβqζ. (86)
where  P t0, 1u.
2.3.2. Lie Algebra. The Lie algebra of the symmetry group HSpp2nq is the same as
the Lie algebra of HSpp2nq. It may be directly computed from its matrix realiza-
tion. It is convenient to use a basis for the algebra of the symplectic group corre-
sponding to the factorized form (78). Let the Ai,j be the generators of the unitary
subgroup with elements Σpαq P Upnq, and Bi,j the generators of the abelian sub-
group with elements Σpβq P Apmq and Ci,j the generators of the abelian subgroup
with elements Σpγq P Apmq. The abelian generators are symmetric, Bi,j “ Bj,i
and Ci,j “ Cj,i. A general element is written as
Z “ αi,jAi,j ` βi,jBi,j ` γi,jCi,j ` piQi ` qiPi ` ιI. (87)
Straightforward computation shows that these generators of Spp2nq satisfy the
Lie algebra
rAi,j , Ak,ls “ δi,lAj,k ´ δj,kAi,l,
rAi,j , Bk,ls “ δj,kBi,l ` δj,lBi,k,
rAi,j , Ck,ls “ ´δi,kCj,l ´ δi,lCk,j ,
rBi,j , Cks “ δi,kAj,l ` δi,lAj,k ` δj,kAi,l ` δj,lAi,k.
(88)
The nonzero commutators of the algebra of HSpp2nq are the above relations for
the symplectic generators together with the Weyl-Heisenberg generators are
rAi,j , Qks “ δj,kQi, rCi,j , Qks “ δj,kPi ` δi,kPj ,
rAi,j , Pks “ ´δi,kPj , rBi,j , Pks “ δj,kQi ` δi,kQj ,
rPi, Qjs “ δi,jI.
(89)
The symplectic generators may be realized in the enveloping algebra up to a
central element [10]. This will be important when we discuss the representations
in Section 3.2.rAi,j “ QiPj , rBi,j “ QiQj , rCi,j “ PiPj . (90)
Clearly Bi,j “ Bj,i and Ci,j “ Cj,i. Then, using the Weyl-Heisenberg commuta-
tion relations (5), this defines the commutation relations, up to the central element,
I, ” rAi,j , rAk,lı “ Ipδi,l rAj,k ´ δj,k rAi,lq,”
Ai,j , rBk,lı “ Ipδj,k rBi,l ` δj,l rBi,kq,”
Ai,j , rCk,lı “ ´Ipδi,k rCj,l ` δi,l rCk,jq,” rBi,j , rCkı “ Ipδi,k rAj,l ` δi,l rAj,k ` δj,k rAi,l ` δj,l rAi,kq.
(91)
3. Quantum symmetry: Projective representations
The projective representations of the maximal symmetry group ISpp2nq are
equivalent to the ordinary unitary representations of its central extension HSpp2nq.
These unitary irreducible representations may be determined using the Mackey
theorems for semidirect product groups.
The first step in applying the Mackey theorem for semidirect products is to
determine the unitary irreducible representations of the Weyl-Heisenberg normal
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subgroup. While these are well known, the method of constructing them using the
Mackey theorems applied to the semidirect product of two abelian groups (2) does
not appear to be as well known [11]. We review this briefly in order to introduce
the Mackey theorems and also to show how the unitary irreducible representations
of the symmetry group can be constructed completely from first principles.
3.1. Unitary irreducible representations of the Weyl-Heisenberg group.
The Mackey theorem for semidirect products with an abelian normal subgroup are
given in Theorem 10 in Appendix A [12]. We choose the normal subgroup (27)
with elements Υpp, 0, ιq P Apn ` 1q. The unitary irreducible representations ξ of
the abelian normal subgroup are the phases acting on the Hilbert space Hξ “ C
ξpΥpp, 0, ιqq|φy “ eipιpI`pi pQiq |φy “ eipιλ`p¨αq |φy, |φy P C. (92)
The hermitian representation of the algebra has the eigenvalues that are given bypQi |φy “ ξ1pQiq |φy “ αi |φy, pI |φy “ ξ1pIq |φy “ λ |φy, (93)
where α P Rn and λ P R. The characters ξα,λ are parameterized by the eigenvalues
α, λ and the equivalence classes that are elements of the unitary dual, rξα,λs P
UApn`1q » Rn`1. Each equivalence class has the single element rξα,λs “ ξα,λ.
The action of the elements Υp0, q, 0q P Apnq of the homogeneous group on these
representations is given by the dual automorphisms`pςΥp0,q,0qξα,λ˘ pΥpp, 0, ιqq |φD “ ξα,λpςΥp0,q,0qΥpp, 0, ιqq|φD
“ ξα´λq,λpΥpp, 0, ιqq |φy. (94)
In simplifying this expression, we have used (30) and (92). The little group is the
set of Υp0, q, 0q P K˝ that satisfy the fixed point equation (134),
pςΥp0,q,0qξα,λ “ ξα´λq,λ “ ξα,λ. (95)
The solution of the fixed point condition requires that α ´ λq ” α. The λ “ 0
solution for which the little group is Apnq is the degenerate case corresponding
to the homomorphism Hpnq Ñ Ap2nq with kernel Ap1q. This is just the abelian
group that is not considered further here. The faithful representation with λ ‰ 0
requires p “ 0, and therefore has the trivial little group K˝ » e » tΥp0, 0, 0qu. The
stabilizer is G˝ » Apn` 1q. The orbits are
Oλ “
 pςΥp0,q,0qrξα,λs|q P Rn( “ tξq,λ|q P Rnu , λ P Rz t0u . (96)
All representations in the orbit are equivalent for the determination of the semidi-
rect product unitary irreducible representations. A convenient representative of the
equivalence class is ξ0,λ. The unitary representations σ of the trivial little group
are trivial and therefore the representations of the stabilizer are just %˝ “ ξ0,λ. The
Hilbert space Hσ is also trivial and therefore the Hilbert space of the stabilizer is
H%
˝ “ Hσ bHξ » C.
3.1.1. Mackey induction. The final step is to apply the Mackey induction theorem
to determine the faithful unitary irreducible representations of the full Hpnq group.
The induction requires the definition of the symmetric space
K “ G{G˝ “ Hpnq{Apn` 1q » Apnq » Rn, (97)
14 STEPHEN G. LOW
with the natural projection pi and a section Θ
pi : Hpnq Ñ K : Υpp, q, ιq ÞÑ kq,
Θ : KÑ Hpnq : kq ÞÑ Θpkqq “ Υp0, q, 0q. (98)
These satisfy pipΘpaqqq “ aq and so pi ˝Θ “ IdK as required. Using (2), an element
of the Weyl-Heisenberg group Hpnq can be written as,
Υpp, q, ιq “ Υp0, q, 0qΥpp, 0, ι` 1
2
p ¨ qq. (99)
The cosets are therefore defined by
kq “
 
Υp0, q, 0qΥpp, 0, ι` 12p ¨ qq|p P Rn, ι P R
(
“ tΥp0, q, 0qApn` 1qu (100)
Note that
Υpp, q, ιqkx “ kx`q, x P Rn. (101)
The Mackey induced representation theorem can now be applied straightforwardly.
First, the Hilbert space is
H% “ L2pK,H%˝q » L2pRn,Cq. (102)
Next the Mackey induction Theorem 8 yields
ψ1pkxq “ p%pΥpp, q, ιqqψq
´
Υpp, q, ιq´1kx
¯
“ %˝pΥpa˝, 0, ι˝qqψpkx´qq (103)
Using the Weyl-Heisenberg group product (2),
Υpp˝, q˝, ι˝q “ Θpkxq´1Υpp, q, ιqΘpΥpp, q, ιq´1kxq
“ Υp0,´x, 0qΥpp, q, ιqΥp0, x´ q, 0q
“ Υpp, 0, ι` p ¨ `x´ 12q˘q. (104)
We lighten notation using the isomorphism kx ÞÑ x. The induced representation
theorem then yields
ψ1pxq “ ξ0,λpΥpp, 0, ι` x ¨ p´ 12p ¨ qqψpx´ qq
“ eiλpι`x¨p´ 12p¨qqψpx´ qq. (105)
Using Taylor expansion, we can write
ψpx´ qq “ e´qi BBxi ψpxq. (106)
The Baker Campbell-Hausdorff formula [20] enables us to combine the exponentials
ψ1pxq “ eipλι`λpixi`qii BBxi qψpxq “ eipιpI`pi pQi`qi pPiqψpxq. (107)
The representation of the algebra is therefore
pIψpxq “ λψpxq, pQiψpxq “ λxiψpxq, pPiψpxq “ i BBxiψpxq, (108)
that satisfies the Heisenberg commutation relations (1).
This analysis can also be carried out choosing Υp0, q, ιq P Apn` 1q to be the ele-
ments of the normal subgroup and this yields the representation with pPi diagonal.
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3.2. Unitary irreducible representations of HSpp2nq. We consider next the
unitary irreducible representations of the HSpp2nq group
HSpp2nq » Spp2nq bs Hpnq. (109)
As HSpp2nq is the central extension of ISpp2nq, the projective representations
of ISpp2nq are equivalent to the ordinary unitary representations of HSpp2nq.
The unitary irreducible representations of HSpp2nq may be determined using
Mackey Theorem 9 for the nonabelian normal subgroup case. The faithful unitary
representations of the Weyl-Heisenberg group are given in the previous section
(105). The next step in applying the Mackey’s theorem is to determine the ρ
representation of the stabilizer G˝ Ă HSpp2nq.
3.2.1. Stabilizer and ρ representation. The representation ρ of the stabilizer G˝
acts on the Hilbert space Hξ and therefore the hermitian representations ρ1 of the
algebra of the stabilizer must be realized in the enveloping algebra of the Weyl-
Heisenberg group. The ρ representation restricted to the Weyl-Heisenberg group
are given by ρ|Hpnq “ ξ where ξ are the unitary irreducible representations of the
Weyl Heisenberg group. The faithful representations ξ are given in (105).
The unitary representation ρ acts on Hξ » L2pRn,Cq such that
ρpΩ˝qξpΥpz, ιqqρpΩ˝q´1 “ ξpςΩ˝Υpz, ιqq, Ω˝ P G˝. (110)
The representation ρ factors into
ρpΩ˝pδ,Σ, w, rqq “ ξpΥpw, rqqρpΣq, (111)
where again for notational brevity Σ ” Ωp1,Σ, 0, 0q.
We already have characterized the inner automorphisms. The automorphisms
corresponding factor as
ξpΥpw, rqqξpΥpz, ιqqξpΥpw, rqq´1 “ ξpςΥpw,rqΥpz, ιqq,
ρpΣqξpΥpz, ιqqρpΣq´1 “ ξpςΩpΣqΥpz, ιqq “ ξpΥppipΣqz, ιqq. (112)
where Σ P Spp2nq and pi : Spp2nq Ñ Spp2nq.
The inner automorphisms are already characterized as we know the unitary irre-
ducible representations ξ. Consider next the representation ρpΣq of the symplectic
group Spp2nq. The hermitian representation of the symplectic generators is
pAi,j “ ρ1pAi,jq “ λ pQi pPj ,pBi,j “ ρ1pBi,jq “ λ pQi pQj ,pCi,j “ ρ1pCi,jq “ λ pPi pPj . (113)
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Clearly pBi,j “ pBj,i and pCi,j “ pCj,i. Then, using the Heisenberg commutation
relations (1), this defines a hermitian realization of the Lie algebra of the automor-
phism group acting on the Hilbert space Hξ » L2pRn,Cq.” pAi,j , pAk,lı “ ipδi,l pAj,k ´ δj,k pAi,lq,” pAi,j , pBk,lı “ ipδj,k pBi,l ` δj,l pBi,kq,” pAi,j , pCk,lı “ ´ipδi,k pCj,l ` δi,l pCk,jq,” pBi,j , pCkı “ ipδi,k pAj,l ` δi,l pAj,k ` δj,k pAi,l ` δj,l pAi,kq,
(114)
” pAi,j , pQkı “ iδj,k pQi, ” pCi,j , pQkı “ ipδj,k pPi ` δi,k pPjq,” pAi,j , pPkı “ ´iδi,k pPj , ” pBi,j , pPkı “ ipδj,k pQi ` δi,k pQjq,” pPi, pQjı “ iδi,j pI.
(115)
Therefore, there exists a ρ1 representation for the entire algebra of HSpp2nq
and therefore the stabilizer is the group itself, G˝ » HSpp2nq. This explicate
construction of the algebra shows that the representation ρpΣq exists. Consequently,
the Mackey induction theorem is not required.
The ρpΣq representation is precisely (up to an overall phase) the metaplectic
representation originally studied by Weil [13], [2]. We can construct this explicitly
using the factorization of the symplectic group (86). We can consider each of the
factors separately as
ρpΣp, α, β, γq “ ρpΣ´pγqqρpΣ˝pαqqρpΣ`pβqqρpζq, (116)
and each of these factors can be applied separately to determine the ρ representa-
tion. The unitary representations of Σpβq P Apmq, m “ npn`1q2 in a basis with pQi
diagonal are
ρpΣ`pβqq|ψλpxqy “ eiαi,j pBi,j |ψλpxqy “ e iλβi,jxixj |ψλpxqy . (117)
The representations of the elements of the unitary group Σpαq P Upnq are
ρpΣ˝pαqq|ψλpxqy “ |detA|
´ 12 |ψλpA´1xq
D
. (118)
The symplectic matrix exchanges the p and q degrees of freedom, ςζΥpp, q, ιq “
Υpq,´p, ιq. As is well known, the unitary representation of this is the Fourier
transform, ρpζq “ f where
ρpΥpp, q, ιqqf |ψλpxqy “ fρpΥpq,´p, ιqq|ψλpxqy , (119)
where the Fourier transform is defined as usual by
rψpyq “ fψpxq “ p2piiq´n2 ż e´ix¨yψpxqdnx, (120)
and wherepQi |ψλpxqy “ λxi |ψλpxqy, pPi | rψλpyqE “ yi |ĂψλpyqE. (121)
Finally, the ρpΣ`pβqq representation can be computed using (80) in a basis withpQi diagonal giving
ρpΣ´pγqq |ψλpxqy “ fρpΣ`p´γqqf´1|ψλpxq, (122)
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and the ρpΣ`p´γqq is given by (116). Putting all of these together gives the rep-
resentation ρpΣq up to a phase. While one would expect the phase to be m P Z
dependent, it actually only is two valued ˘1 P Z2. The unitary representations
of the double cover metaplectic group Mpp2nq are also a representation of Spp2nq
due to the homomorphism (141).
Of course, all of these calculations could also be done in a basis with pPi diagonal.
As the stabilizer is the full group, Mackey induction is not required and the
unitary irreducible representations υ of HSpp2nq are given by
υpΩp1,Σ, z, ιqq|ψpxqy “ σpΣq b ξpΥpz, ιqqρpΣq|ψpxqy (123)
where σ are ordinary unitary irreducible representations of Spp2nq, ρ are the meta-
plectic representation of Spp2nq given above and ξ are the unitary irreducible rep-
resentations of Hpnq given in Section 3.1.
The ordinary unitary representations of the symplectic group have been partially
characterized [8-9]. A complete set of unitary irreducible representations of the
covering group Spp2nq appears to be an open problem.
4. Summary
We have determined the projective representations of the inhomogeneous sym-
plectic group. This is the maximal symmetry whose projective representations
transform physical states such that the Heisenberg commutation relations are valid
in all of the transformed states.
The inhomogeneous symplectic symmetry is well known from classical mechanics.
It acts on classical phase space with position and momentum degrees of freedom.
The projective representations that define the quantum symmetry require its cen-
tral extension which introduces the non-abelian structure of the Weyl-Heisenberg
group, I|Spp2nq » Spp2nq bs Hpnq. The non-abelian structure is a direct result of
the fact that transition probabilities are the square of the norm of physical states.
Consequently, the physical states are defined up to a phase and the action of a
symmetry group is given by the projective representations. This is the underlying
reason for the non-abelian structure, or quantization. Any symmetry of quantum
mechanics that preserves the position, momentum Heisenberg commutation rela-
tions must be a subgroup of this maximal symmetry.
On the other hand, we now understand special relativistic quantum mechanics
as the projective representations of the inhomogeneous Lorentz group [5],[6]. The
central extension of this group does not admit an algebraic extension. For the
connected component, the central extension is therefore the cover that we call the
Poincaré group which for n “ 3 is P “ SLp2,Cq bs Ap4q.7 Special relativistic
quantum mechanics is formulated in terms of the unitary representations of the
Poincaré group. There is however, no mention of the Weyl-Heisenberg group which
plays a fundamental role in the original formulation of quantum mechanics.
Symmetry is one of the most fundamental concepts of physics. We have the
case where we have a quantum symmetry for the Weyl-Heisenberg of quantum
7The full inhomogeneous group is given in terms of the orthogonal group Op1, nq that has 4
disconnected components. The discrete Z2,2 symmetry is P, T and PT symmetry. Its central
extension is not unique and it gives rise to the Pin group ambiguity. On the other hand the
SOp1, nq group has 2 components but does have a unique central extension that is the Spin
group. The discrete Z2 symmetry is the PT symmetry.
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mechanics that is the projective representations of a classical symmetry on phase
space. On the other hand, the quantum symmetry for the Minkowski metric of
special relativity is given in terms of a classical symmetry on position-time space,
that is, spacetime.
Quantum mechanics and special relativity have at best, an uneasy marriage.
Perhaps it is due to this underlying disparity in the most basic symmetries of these
theories. The standard approach is to ignore the quantum symmetry described in
this paper and formulate special relativistic quantum mechanics as the projective
representations of the inhomogeneous group.
If we truly are to bring together quantum mechanics and special relativity, we
must first reconcile these basic symmetries and find a symmetry that encompasses
both. This can be done in a remarkably straightforward manner and results in
a theory that, in a physical limit, results in the usual formulation of special rela-
tivistic quantum mechanics. But, before the limit is taken, it points to a theory
incorporating both symmetries that may give further understanding of the unifi-
cation of quantum mechanics and relativity [14],[15],[16]. In this theory, physics
takes place in extended phase space and there is no invariant global projection that
gives physics in position-time space (i.e. space-time). Generally, local observers
with general non-inertial trajectories construct different space-times as subspaces
of extended phase space. The usual Lorentz symmetry continues to hold exactly
for inertial trajectories but is generalized in a remarkable manner for non-inertial
trajectories.
5. Appendix A: Key Theorems
In this appendix we review a set of definitions and theorems that are fundamen-
tal for the application of symmetry groups in quantum mechanics. We state the
theorems only and refer the reader to the cited literature for full proofs.
Definition 1. A group G is a semidirect product if it has a subgroup K (referred
to as the homogeneous subgroup) and a normal subgroup N such that K XN “ e
and G » NK. Our notation for a semidirect product is G » K bs N 8[17].
It follows directly that a semidirect product is right associative in the sense that
D » pAbsBqbs C implies that D » Abs pBbs Cq and so brackets can be removed.
However D » Abs pB bs Cq does not necessarily imply D » pAbs Bq bs C as B is
not necessarily a normal subgroup of A.
Definition 2. An algebraic central extension of a Lie algebra g is the Lie algebraqg that satisfies the following short exact sequence where z is the maximal abelian
algebra that is central in qg,
0Ñ z Ñ qg Ñ g Ñ 0. (124)
where 0 is the trivial algebra. Suppose tXau is a basis of the Lie algebra g with
commutation relations rXa, Xbs “ cca,bXc, a, b “ 1, ...r. Then an algebraic central
8Our notation follows [17]. Another notation commonly used is N ¸ K. It is just notation;
the definition remains the same for both notations.
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extension is a maximal set of central abelian generators tAαu, where α, β, ... “
1, ..m, such that
rAα, Aβs “ 0, rXa, Aαs “ 0, rXa, Xbs “ cca,bXc ` cαa,bAα. (125)
The basis tXa, Aαu of the centrally extended Lie algebra must also satisfy the
Jacobi identities. The Jacobi identities constrain the admissible central extensions
of the algebra. The choice Xa ÞÑ Xa ` Aa will always satisfy these relations and
this trivial case is excluded. The algebra qg constructed in this manner is equivalent
to the central extension of g given in Definition 2.
Definition 3. The central extension of a connected Lie group G is the Lie groupqG that satisfies the following short exact sequence where Z is a maximal abelian
group that is central in qG
eÑ Z Ñ qG piÑ G Ñ e. (126)
The abelian group Z may always be written as the direct product Z » ApmqbA
of a connected continuous abelian Lie group Apmq » pRm,`q and a discrete abelian
group A that may have a finite or countable dimension [10].
The exact sequence may be decomposed into an exact sequence for the topological
central extension and the algebraic central extension,
eÑ AÑ G pi˝Ñ G Ñ e, eÑ Apmq Ñ qG rpiÑ G Ñ e. (127)
where pi “ pi˝ ˝ rpi. The first exact sequence defines the universal cover where
A » kerpi˝ is the fundamental homotopy group. All of the groups is in the second
sequence are simply connected and therefore may be defined by the exponential
map of the central extension of the algebra given by Definition 2. In other words,
the full central extension may be computed by determining the universal covering
group of the algebraic central extension.
Definition 4. A ray Ψ is the equivalence class of states |ψγy that are elements of
a Hilbert space H up to a phase,
Ψ “  eiω |ψ D |ω P R( , |ψ y P H. (128)
Note that the physical probabilities that are the square of the modulus depend only
on the ray
| pΨβ ,Ψαq |2 “ |xψβ |ψαy|2
for all |ψγy P Ψ. For this reason, physical states in quantum mechanics are defined
to be rays rather than states in the Hilbert space
Definition 5. A projective representation % of a symmetry group G is the maximal
representation such that for | rψγy “ %pgq|ψγy, the modulus is invariant |x rψβ | rψαy|2 “
|xψβ |ψαy|2 for all |ψγy, | rψγy P Ψ.
Theorem 2. (Wigner, Weinberg): Any projective representation of a Lie sym-
metry group G on a separable Hilbert space is equivalent to a representation that
is either linear and unitary or anti-linear and anti-unitary. Furthermore, if G is
connected, the projective representations are equivalent to a representation that is
linear and unitary [1],[11].
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This is the generalization of the well known theorem that the ordinary represen-
tation of any compact group is equivalent to a representation that is unitary. For
a projective representation, the phase degrees of freedom of the central extension
enables the equivalent linear unitary or anti-linear anti-unitary representation to
be constructed for this much more general class of Lie groups that admit represen-
tations on separable Hilbert spaces. (A proof of the theorem is given in Appendix
A of Chapter 2 of [6]). The set of groups that this theorem applies to include all
the groups that are studied in this paper.
Theorem 3. (Bargmann, Mackey) The projective representations of a con-
nected Lie group G are equivalent to the ordinary unitary representations of its
central extension qG [7], [8].
Theorem 2 states that are all projective representations of a connected Lie group
are equivalent to a projective representation that is unitary. A phase is the unitary
representation of a central abelian subgroup. Therefore, the maximal representation
is given in terms of the central extension of the group.
Theorem 4. Let G,H be Lie groups and pi : G Ñ H be a homomorphism. Then, for
every unitary representation r% of H there exists a degenerate unitary representation
% of G defined by % “ r%˝pi. Conversely, for every degenerate unitary representation
of a Lie group G there exists a Lie subgroup H and a homomorphism pi : G Ñ H
where kerppiq ‰ e such that % “ r% ˝ pi where r% is a unitary representation of H.
Noting that a representation is a homomorphism, This theorem follows straight-
forwardly from the properties of homomorphisms. As a consequence, the set of de-
generate representations of a group is characterized by its set of normal subgroups.
A faithful representation is the case that the representation is an isomorphism.
Theorem 5. (Levi) Any simply connected Lie group is equivalent to the semidirect
product of a semisimple group and a maximal solvable normal subgroup[18]
As the central extension of any connected group is simply connected, the problem
of computing the projective representations of a group always can be reduced to
computing the unitary irreducible representations of a semidirect product group
with a semisimple homogeneous group and a solvable normal subgroup. The unitary
irreducible representations of the semisimple groups are known and the solvable
groups that we are interested in turn out to be the semidirect product of abelian
groups.
Theorem 6. Any semidirect product group G » K bs N is a subgroup of a group
homomorphic to the group of automorphisms of N [13].
The proof follows directly from the definition of the semidirect product and an
automorphism group.
Theorem 7. The automorphism group of a simply connected group is isomorphic
to the automorphism group of its Lie algebra.[18]
5.1. Mackey theorems for the representations of semidirect product groups.
The Mackey theorems are valid for a general class of topological groups but we will
only require the more restricted case G » KbsN where the group G and subgroups
K,N are smooth Lie groups. The central extension of any connected Lie group
is simply connected and therefore generally has the form of a semidirect product
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due to Theorem 5 (Levi). Theorem 6 further constrains the possible homogeneous
groups K of the semidirect product given the normal subgroup N .
The first Mackey theorem is the induced representation theorem that gives a
method of constructing a unitary representation of a group (that is not necessarily
a semidirect product group) from a unitary representation of a closed subgroup.
The second theorem gives a construction of certain representations of a certain
subgroup of a semidirect product group from which the complete set of unitary
irreducible representations of the group can be induced. This theorem is valid
for the general case where the normal subgroup N is a nonabelian group. In the
special case where the normal subgroup N is abelian, the theorem may be stated
in a simpler form.
Theorem 8. (Mackey). Induced representation theorem. Suppose that G is a
Lie group and H is a Lie subgroup, H Ă G such that K » G{H is a homogeneous
space with a natural projection pi : G Ñ K, an invariant measure and a canonical
section Θ : KÑ G : k ÞÑ g such that pi ˝Θ“IdK where IdK is the identity map on
K. Let ρ be a unitary representation of H on the Hilbert space Hρ:
ρphq : Hρ Ñ Hρ : |ϕy ÞÑ |rϕy “ ρphq |ϕy , h P H.
Then a unitary representation % of a Lie group G on the Hilbert space H%,
%pgq : H% Ñ H% : |ψ y ÞÑ
ˇˇˇ rψE “ %pgq |ψ y , g P G,
may be induced from the representation ρ of H by definingrψpkq “ p%pgqψq pkq “ ρpg˝qψpg´1kq, g˝ “ Θpkq´1gΘpg´1kq, (129)
where the Hilbert space on which the induced representation % acts is given by
H% » L2pK, Hρq [14], [13].
The proof is straightforward given that the section Θ exists by showing first that
g˝ P kerppiq » H and therefore ρpg˝q is well defined.
Definition 6. (Little groups): Let G “ K bs N be a semidirect product. Let
rξs P UN where UN denotes the unitary dual whose elements are equivalence
classes of unitary representations of N on a Hilbert space Hξ. Let ρ be a unitary
representation of a subgroup G˝ “ K˝ bs N on the Hilbert space Hξ such that
ρ|N “ ξ. The little groups are the set of maximal subgroups K˝ such that ρ exists
on the corresponding stabilizer G˝ » K˝ bs N and satisfies the fixed point equation
pςρpkqrξs “ rξs , k P K˝. (130)
In this definition the dual automorphism is defined by`pςρpgqξ˘ phq “ ρpgqρphqρpgq´1 “ ρpghg´1q “ ξpςghq (131)
for all g P G˝ and h P N . The equivalence classes of the unitary representations of
N are defined by
rξs “  pςξphqξ|h P N( . (132)
A group G may have multiple little groups K˝α whose intersection is the identity
element only. We will generally leave the label α implicit.
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Theorem 9. (Mackey). Unitary irreducible representations of semidirect prod-
ucts. Suppose that we have a semidirect product Lie group G » K bs N , where
K,N are Lie subgroups. Let ξ be the unitary irreducible representation of N on
the Hilbert space Hξ. Let G˝ » K˝ bs N be a maximal stabilizer on which there
exists a representation ρ on Hξ such that ρ|N “ ξ. Let σ be a unitary irreducible
representation of K˝ on the Hilbert space Hσ. Define the representation %˝ “ σb ρ
that acts on the Hilbert space H%
˝ » Hσ b Hξ. Determine the complete set of
stabilizers and representations ρ and little groups that satisfy these properties, that
we label by α,tpG˝, %˝,H%˝qαu. If for some member of this set G˝ » G then for this
case the representations are pG, %,H%q»pG˝, %˝,H%˝q. For the cases where the
stabilizer G˝ is a proper subgroup of G then the unitary irreducible representations
pG, %,H%q are the representations induced (using Theorem 8) by the representations
pG˝, %˝,H%˝q of the stabilizer subgroup. The complete set of unitary irreducible rep-
resentations is the union of the representations YαtpG, %,H%qαu over the set of all
the stabilizers and corresponding little groups.
This major result and its proof are due to Mackey[14]. Our focus in this paper
is on applying this theorem.
5.1.1. Abelian normal subgroup. The theorem simplifies for special cases where the
normal subgroup N is an abelian group, N » Apnq. An abelian group has the
property that its unitary irreducible representations ξ are the characters acting on
the Hilbert space Hξ » C,
ξpaq |φy “ eia¨ν |φy , ν P Rn (133)
The unitary irreducible representations are labeled by the νi that are the eigen-
values of the hermitian representation of the basis tAiu of the abelian Lie algebra,
pAi |φy “ ξ1pAiq |φy “ νi |φy . (134)
The equivalence classes rξs P UApnq each have a single element rξs » ξ as, for the
abelian group, the expression (131) is trivial. The representations ρ act on Hξ » C
and are one dimensional and therefore must commute with the ξ. Therefore, in
equation (130), ρpgqξphqρpgq´1 “ ξphq and (129) simplifies to
ξpaq “ ξpςkaq “ ξpkak´1q, a P Apmq, k P K˝. (135)
Theorem 10. (Mackey). Unitary irreducible representations of a semidirect
product with an abelian normal subgroup. Suppose that we have a semidirect
product group G » Kbs A where A is abelian. Let ξ be the unitary irreducible rep-
resentation (that are the characters) of A on Hξ » C. Let K˝ Ď K be a Little group
defined by (134) with the corresponding stabilizers G˝ » K˝ bs A. Let σ be the
unitary irreducible representations of K˝ on the Hilbert space Hσ. Define the repre-
sentation %˝ “ σb ξ of the stabilizer that acts on the Hilbert space H%˝ » Hσ bC.
The theorem then proceeds as in the case of the general Theorem 9.
6. Appendix B: Polarized Realization of the Weyl-Heisenberg group
The maps ϕ˘ defined in (35) is an isomorphism. Therefore the Υ˘pp, q, ι˘q are
elements of the Weyl-Heisenberg group realized in another coordinate system of
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matrices. These realizations are referred to as the polarized realizations [2]. The
group products in these coordinates are computed directly from (3-4) to be
Υ`pp1, q1, ι1qΥ`pp, q, ιq “ Υ`pp1 ` p, q1 ` q, ι` ι` p1 ¨ qq,
Υ´pp1, q1, ι1qΥ´pp, q, ιq “ Υ´pp1 ` p, q1 ` q, ι` ι´ q1 ¨ pq,
Υ˘pp, q, ιq´1 “ Υ˘p´p,´q,´ι˘ p ¨ qq.
(136)
Note that the polarized realizations factor directly
Υ`p0, q, ιqΥ`pp, 0, 0q “ Υ`pp, q, ιq, (137)
Υ´pp, 0, ιqΥ´p0, q, 0q “ Υ´pp, q, ιq. (138)
The existence of the isomorphisms ϕ˘ and these two different normal subgroups
Apn`1q with elements Υpp, 0, ιq and Υp0, q, ιq whose intersection is the center Z »
Ap1q is responsible for many of the remarkable properties of the Weyl-Heisenberg
group. In fact, we shall see shortly that the choice of the normal subgroup in
determining the unitary representations when applying the Mackey theorems results
in unitary representations with either p or q diagonal.
The matrix realization corresponds to a coordinate system of the Lie group and
is therefore not unique. The polarized matrix realizations are given by the n ` 2
dimensional square matrices
Υ`pp, q, ιq “
¨˝
1 qt ι
0 1n p
0 0 1
‚˛,Υ´pp, q, ιq “
¨˝
1 pt ι
0 1n q
0 0 1
‚˛. (139)
7. Appendix C: Extended Central Extension
The central extension for a group that is not connected group is not necessarily
unique. The central extension for a group that is not connected may be defined
by requiring exact sequences both for the cover of the group and the homomor-
phisms onto the discrete group for the components. For the Z2bsHSpp2nq, these
sequences are [19]
e e e
Ó Ó Ó
e Ñ ZbAp1q Ñ HSpp2nq Ñ ISpp2nq Ñ e
Ó Ó Ó
e Ñ D Ñ Z2 bs HSpp2nq Ñ Z2 bs ISpp2nq Ñ e
Ó Ó Ó
Z2 Z2 Z2
Ó Ó Ó
e e e
(140)
The solution is D » Z2bZbAp1q. Therefore the central extension of Z2bsISpp2nq
is unique and is given by Z2 bs HSpp2nq.
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8. Appendix D: Homomorphisms
Representations are homomorphisms of a group G. If the homomorphism is an
isomorphism, then the representation is said to be faithful and otherwise it is de-
generate. Theorem 4 establishes that degenerate representations are faithful repre-
sentations of groups homomorphic to G. The homomorphisms can be characterized
by the normal subgroups that are the kernel of the homomorphism.
First we consider the subgroup HSpp2nq that we have noted in (22) is the central
extension of ISpp2nq with center
Z “ ZbAp1q (141)
where Z is the center of Spp2nq and Ap1q is the center of Hpnq (31). The double
cover of Spp2nq is the metaplectic group Mpp2nq. As Z2 is a normal subgroup of
Z, that there is also a homomorphism from the cover of the symplectic group to
the metaplectic group
pi : Spp2nq ÑMpp2nq, kerppiq » Z{Z2. (142)
This gives the sequence of homomorphic groups where the homomorphisms have
kernels that are subgroups of the center Z.
HSpp2nq Ñ HMpp2nq Ñ HSpp2nq
Œ Œ Œ
ISpp2nq Ñ IMpp2nq Ñ ISpp2nq.
(143)
The group ISpp2nq that has a trivial center terminates the sequence. It is the
maximal classical symmetry group. The projective representations of any of the
groups in this sequence is equivalent to the unitary representations of the HSpp2nq.
The above expressions also apply to the full group Z2 bs HSpp2nq by prefixing
“Z2bs” onto each of the groups that appear in (142).
In addition to the above homomorphisms that have abelian kernels, we have the
additional homomorphisms
pi : Z2 bs HSpp2nq Ñ K, kerppiq “ N , (144)
with
N K
Hpnq Z2 b Spp2nq
Z{Z2 bHpnq Z2 bMpp2nq
ZbHpnq Z2 b Spp2nq
HSpp2nq Zb Z2
HMpp2nq Z2 b Z2
HSpp2nq Z2
(145)
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